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VARIATIONAL ASPECTS OF HOMOGENEOUS GEODESICS ON
GENERALIZED FLAG MANIFOLDS AND APPLICATIONS
RAFAELA F. DO PRADO AND LINO GRAMA
Abstract. We study conjugate points along homogeneous geodesics in gen-
eralized flag manifolds. This is done by analyzing the second variation of the
energy of such geodesics. We also give an example of how the homogeneous
Ricci flow can evolve in such way to produce conjugate points in the complex
projective space CP 2n+1 = Sp(n+ 1)/(U(1)× Sp(n)).
Introduction
In this paper we study global Riemannian geometry in a class of homogeneous
spaces called generalized flag manifolds U/K with U -invariant Riemannian metrics.
A generalized flag manifold is an homogeneous space G/P , where G is a simple
complex Lie group and P is a parabolic subgroup of G. If U is the compact real
form of G and K = U ∩ P , then G/P and U/K are diffeomorphic and K is the
centralizer of a torus in U .
Using the invariance of the metric, many geometric objects can be described by
their value at a single point, called the origin of the space (the trivial coset o = [e]
in U/K). Then, we can use a Lie theoretical approach to study curvatures and
geodesics and, in many cases, one can translate a Riemannian geometry problem
into a (non-trivial) algebraic problem. Some examples of this procedure can be
found at [2], [8], [12], [18], [19], [21].
In this work we study a special class of geodesics in homogeneous spaces, called
homogeneous geodesics. A geodesic γ is homogeneous if it is the orbit of a 1-
parameter subgroup of U , that is,
γ(t) = exp tX · o,
for some X ∈ u = Lie(U).
An algebraic criteria to determine if a vector X ∈ u gives rise to an homogeneous
geodesic was given by Kowalski-Vanhecke in [15]. An homogeneous Riemannian
manifold is called a g.o. space (geodesic orbit space) if every geodesic is homoge-
neous. Examples of g.o. spaces are the normal (cf. [7]) and the naturally reductive
homogeneous spaces (cf. [13]). In [2], Arvanitoyergos and Alekseevsky classified
generalized flag manifolds that admits metrics (not homothetic to the normal met-
ric) such that all geodesics are homogeneous.
In [8] a new class of homogeneous geodesics were introduced, the equigeodesics,
ones which are homogeneous curves that are geodesics with respect to any U -
invariant metric.
From the global Riemannian geometry point of view, an important object is a Ja-
cobi field along a geodesic. They provide information about minimizing properties
of geodesics (conjugate points) and, therefore, about global geometry of a Riemann-
ian manifold. The relation between conjugate points and calculus of variation is
done by the Morse Index Theorem (cf. [7]). Some references regarding Jacobi fields
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in homogeneous spaces are the following papers by Chavel [6], Ziller [22] (in the
naturally reducible case), and more recently Gonzalez-Davial and Navieira [9] (for
rank one normal homogeneous spaces).
In this work we study conjugate points along homogeneous geodesics in general-
ized flag manifolds equipped with an invariant metric (not necessarily a naturally
reducible metric). We start by calculating the first and the second variations of the
energy to such geodesics.
Now suppose that an homogeneous curve γ is a geodesic in the flag manifold
U/K with respect to two invariant metrics g1 and g2 (we can suppose that γ is an
equigeodesic, for example). Our first main result gives a formula that allow us to
compare the second variation of the energy of γ with respect to g1 and with respect
to g2 when the metric g2 is obtained from a specific perturbation of the metric g1
(such perturbation is called P-perturbation). We have (see Section 3 for details
about the notation):
Theorem A: Let U/K be a generalized flag manifold and let γ : [0, a]→ U/K be
an homogeneous curve and g2 be an invariant metric obtained by a P-perturbation
of the invariant metric g1. Assume that γ is an homogeneous geodesic with respect
to g1 and g2 having geodesic vector X ∈ mΘ. Then
Iγg2 = I
γ
g1 + 4
∑
α∈σ
∑
σ∈Π(Θ)\P
ξσ
∫ a
0
(f˜2α(t) + g˜
2
α(t))dt,
where Iγgi , i = 1, 2, is the Morse index of γ with respect to the metric gi, f˜α(t) and
g˜α(t) are differentiable functions given by
(Ad (exp−tX)q′(t))mΘ =
∑
α∈Π+\〈Θ〉
(f˜α(t)Aα + g˜α(t)Sα),
and the real numbers ξσ are determined by the P-perturbation.
We remark that a similar result was proved in [18] in the context of harmonic
maps from Riemann surfaces to homogeneous spaces.
We use Theorem A to study in details the case of the complex projective space
CP 2n+1 = Sp(n+1)/U(1)×Sp(n). We remark that CP 2n+1 viewed as a Sp(n+1)-
homogeneous space is not a Hermitian symmetric space. The (first) conjugate
points of an homogeneous geodesic in CP 2n+1 with respect to the normal metric
(standard) are well known (see [22], [9]).
Let γ be an equigeodesic in (CP 2n+1, gnormal) and t0 be a real number such that
γ(t0) is the first conjugate point of γ(0) along γ. As an application of Theorem A
we deform the metric gnormal in order to obtain for t (< t0) γ(0) and γ(t) conjugate
with respect to the deformed metric. More precisely,
Theorem B: Consider the projective space CP 2n+1 = Sp(n+ 1)/(U(1)×Sp(n))
equipped with gnormal, the normal invariant metric, and let γ : R→ CP 2n+1 be the
equigeodesic
γ(t) = exp tA11 · o,
where A11 ∈ m2 ⊂ sp(n + 1). Fix b ∈ R such that 0 < b < pi/2m, where
m =
√
2n+ 4/(2n + 4). Then there exist an invariant metric g obtained by a
P-pertubation of the metric gnormal and c ∈ R (0 < c ≤ b), such that γ(0) and γ(c)
are conjugate with respect to the metric g.
It is natural to ask if the deformation of the metric in Theorem B can be obtained
by some geometric flow. Using the description of the Ricci flow for Sp(n)-invariant
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metrics in CP 2n+1 obtained in [10], we have:
Theorem C: Consider CP 2n+1 = Sp(n+ 1)/(U(1)× Sp(n)), with n ≥ 10, and
b ∈
(
8
√
6pi2
3m(4n+ 3)
,
pi
2m
)
,
where m =
√
2n+ 4/(2n + 4). Let γ(t) = exp tX · o be an equigeodesic with
X = A11 ∈ m1. Then the homogeneous Ricci flow g(t) with g(0) = gnormal evolves
in such way that there exist t0 ∈ (−∞, 0) and c ∈ R (0 < c ≤ b), such that γ(0)
and γ(c) are conjugate with respect to the invariant metric g(t0).
Theorem C provides an example of how the Ricci flow can evolve in a way to
produce conjugate points. There are several recent papers with important results
about Ricci flow (and other geometric flows) in homogeneous spaces, for example,
[1], [4], [16], [17] and references therein.
In the final part of this paper we generalize Theorem B to arbitrary generalized
flag manifolds. This is done using the Lie theoretical properties of flag manifolds.
We introduce an algebraic concept called perturbation pair with respect to a root α.
Such perturbation pair consists of two roots of the Lie algebra of U satisfying some
properties (see Definition 5.1 for more details). In a short way, the root spaces
associated to the perturbation pair provide directions to a P-perturbation of the
normal metric in order to produce conjugate points with respect to the perturbed
metric. We obtain the following result:
Theorem D: Let U/K be a generalized flag manifold equipped with the normal
(standard) metric gnormal. Let α ∈ σo ∈ Π(Θ) and consider the equigeodesic γ :
R→ U/K given by
γ(t) = exp tAα · o.
Suppose that there exists a ∈ R such that γ(a) is the first conjugate point of γ(0)
along γ with respect to the metric gnormal. If {β, γ} is a perturbation pair with
respect to α, then there exist two real numbers x, b, 0 < x ≤ b < a and an invariant
metric g obtained by a P-perturbation of gnormal such that γ(x) is conjugate to γ(0)
with respect to the metric g.
As an application of Theorem D, we obtain a P-perturbation of the normal
metric in the Wallach flag manifold SU(3)/T 2 and produce conjugate points along
an equigeodesic.
The paper is organized as follows: in section 1 we review the main facts about
the geometry of flag manifolds; in section 2, we calculate the first and the second
variation of the energy of a homogeneous geodesic; in section 3 we prove Theorem
A; in section 4 we briefly review the Sp(n)-invariant geometry of CP 2n+1 and the
Ricci flow of invariant metrics and prove Theorems B and C. Finally, in section 5
we introduce the perturbation pair concept and prove Theorem D.
1. Preliminaries: geometry of generalized flag manifolds
1.1. Generalized flag manifolds. Let g be a complex simple Lie algebra and
take a Lie group G with Lie algebra g. Given a Cartan subalgebra h of g, denote
by Π the set of roots of the pair (g, h), so that
(1.1) g = h⊕
∑
α∈Π
gα,
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where gα = {X ∈ g; ∀H ∈ h, [H,X] = α(H)X} denotes the corresponding complex
one-dimensional root space.
We denote by (·, ·) the Cartan-Killing form of g and fix once and for all a Weyl
basis of g which amounts to take Xα ∈ gα such that (Xα, X−α) = 1, and [Xα, Xβ ] =
mα,βXα+β with mα,β ∈ R, m−α,−β = −mα,β and mα,β = 0 if α + β is not a root
(see [11], [20]).
Recall that (·, ·) is nondegenerate on h. Given α ∈ h∗ we let Hα be given
by α(·) = (Hα, ·), and denote by hR the real subspace spanned by Hα, α ∈ Π.
Accordingly h∗R stands for the real subspace of the dual g
∗ spanned by the roots.
Let Π+ be a choice of positive roots and Σ the corresponding set of simple
roots. If Θ is a subset of Σ we put 〈Θ〉 for the set of roots spanned by Θ, and
〈Θ〉± := 〈Θ〉 ∩Π±. We have
(1.2) g = h⊕
∑
α∈〈Θ〉+
gα ⊕
∑
α∈〈Θ〉+
g−α ⊕
∑
β∈Π+\〈Θ〉
gβ ⊕
∑
β∈Π+\〈Θ〉
g−β .
Let
(1.3) pΘ = h⊕
∑
α∈〈Θ〉−
gα ⊕
∑
α∈Π+
gα
be the standard parabolic subalgebra determined by Θ. Put
(1.4) qΘ =
∑
β∈Π+\〈Θ〉
g−β
so that g = qΘ ⊕ pΘ.
The generalized flag manifold FΘ associated to pΘ is defined as the homogeneous
space
(1.5) FΘ = G/PΘ,
where PΘ is the normalizer of pΘ in G.
We take as compact real form of g the real subalgebra
u = spanR{ihR, Aα, iSα : α ∈ Π}
where Aα = Xα −X−α and Sα = Xα +X−α.
Notice that a basis of u is
(1.6) {Aα, Sα, iHβ : α ∈ Π+, β ∈ Σ}.
Denote by U = exp u the corresponding compact real form of G and write KΘ =
PΘ ∩ U . It is well known that U acts transitively on each FΘ, that identifies with
U/KΘ.
Let kΘ be the Lie algebra of KΘ We have kΘ = u ∩ pΘ
Denote by o = eKΘ the origin of FΘ. The tangent space ToFΘ can be identified
with the orthogonal complement of kΘ in u, namely
ToFΘ = mΘ = spanR{Aα, iSα : α /∈ 〈Θ〉} =
∑
α∈Π\〈Θ〉
uα,
where uα = (gα ⊕ g−α) ∩ u = spanR{Aα, iSα}.
The next lemma provides the Lie bracket between elements of u.
Lemma 1.1. The Lie bracket between the elements of the base (1.6) of u is given by
[
√−1Hα, Aβ ] = β(Hα)Sβ
[
√−1Hα, Sβ ] = −β(Hα)Aβ
[Aα, Sα] = 2
√−1Hα
[Aα, Aβ ] = mα,βAα+β +m−α,βAα−β
[Sα, Sβ ] = −mα,βAα+β −mα,−βAα,−β
[Aα, Sβ ] = mα,βSα+β +mα,−βSα−β.
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1.2. Isotropy representation and invariant metrics. Let FΘ = U/KΘ be a
generalized flag manifold. The decomposition u = mΘ ⊕ kΘ satisfies Ad(KΘ)mΘ ⊂
mΘ and thus it is a reductive decomposition of u. Also, since the tangent space
ToFΘ at the origin o = eKΘ is identified with mΘ, the isotropy representation of
KΘ is identified with the restriction Ad(KΘ)|mΘ of the adjoint representation of
KΘ on u to mΘ. This representation is completely reductive and we can decompose
mΘ as
mΘ = m1 ⊕ · · · ⊕mn,
where each mi is an irreducible component of the isotropy representation and can
be written as a sum of uα’s (see [12] for more details).
Let σi ⊂ Π+ \ 〈Θ〉 be the subset of roots such that
mi =
∑
α∈σi
uα.
We will denote the set of σi’s by Π(Θ).
Example 1.2. Let U/T be a maximal flag manifold (Θ = ∅). In this case, each uα
is an irreducible component of the isotropy representation, where α ∈ Π+. We can
suppose, without loss of generality, that Π+ = {α1, ..., αn}. Thus, σi = {αi} and
Π(Θ) can be identified with Π+. 
Example 1.3. Let us describe the isotropy representation of the complex grass-
mannian (viewed as a generalized flag manifold)
GkCn+k = SU(n+ k)/S(U(n)×U(k)).
The complexification of su(n + k) is the Lie algebra sl(n + k,C). The root space
decomposition of sl(n + k,C) is given as follows. Consider the Cartan subalgebra
h given by diagonal matrices of trace zero. Then, the root system of sl(n + k,C)
relative to h is composed by αij := εi − εj , 1 ≤ i 6= j ≤ n + k, where εi is the
functional given by εi : diag{a1, . . . , an+k} → ai.
A simple system of roots is
Σ = {αi,i+1 : 1 ≤ i ≤ n+ k − 1}
and the set of positive roots relative to this simple system is
Π+ = {αij : 1 ≤ i < j ≤ n+ k}.
Let Eij be the (n+k)× (n+k) matrix with 1 in the ij-position and 0 otherwise.
Then, the root space gαij is the subspace generated by Eij over C.
In the case of SU(n+ k)/S(U(n)×U(k)), we have
Θ = {αi,i+1 : 1 ≤ i ≤ n+ k − 1, i 6= n}
and it is an isotropically irreducible homogeneous space, that is, mΘ is itself an
irreducible component of the isotropy representation. Since
mΘ =
∑
1≤i≤n
1≤j≤k
uαi,n+j
we have that σ = {αi,n+j : 1 ≤ i ≤ n, 1 ≤ j ≤ k}. 
Example 1.4. Consider the flag manifold CP 5 = Sp(3)/(U(1)× Sp(2)).
The complexification of sp(3) is the Lie algebra sp(6,C). The root space de-
composition of sp(6,C) is given as follows. Consider the Cartan subalgebra h of
diagonal matrices. Then, the root system of sp(6,C) relative to h is composed by
αij := εi − εj , α+ij := εi + εj , αii = 2εi and −αii, 1 ≤ i 6= j ≤ 3, where εi is the
functional given by εi : diag{a1, a2, a3} → ai.
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A simple system of roots is
Σ = {α12, α23, α33}
and the set of positive roots relative to this simple system is
Π+ = {α12, α+12, α13, α+13, α23, α+23, α11, α22, α33}.
Let Eij be the 6× 6 matrix with 1 in the ij-position and 0 otherwise. Then, the
root spaces are given by
gαij = spanC{Eij − E3+j,3+i : 1 ≤ i 6= j ≤ 3},
gα+ij
= spanC{Ei,3+j + Ej,3+i : 1 ≤ i 6= j ≤ 3},
g−αij+ = spanC{E3+i,j + E3+j,i : 1 ≤ i 6= j ≤ 3},
gαii = spanC{Ei,3+i : 1 ≤ i ≤ 3},
g−αii = spanC{E3+i,i : 1 ≤ i ≤ 3}.
In the case of CP 5 = Sp(3)/(U(1)× Sp(2)), we have
Θ = {α23, α33}
and mΘ = m1 ⊕m2, where
m1 = uα12 ⊕ uα+12 ⊕ uα13 ⊕ uα+13 ,
m2 = uα11 .
Then, σ1 = {α12, α+12, α13, α+13} and σ2 = {α11}. 
There is a 1-1 correspondence between U -invariant metrics g on FΘ and Ad(KΘ)-
invariant scalar products B on mΘ (see for instance [13]). Any B can be written
as
B(X,Y ) = −(ΛX,Y ),
with X,Y ∈ mΘ, where Λ is an Ad(KΘ)-invariant positive symmetric operator on
mΘ with respect to the Cartan-Killing form.
Notice that, as a consequence of Schur’s Lemma,
Λ|mi = λi Id |mi ,
with λi > 0 for each i = 1, · · · , n and hence any Ad(KΘ)-invariant scalar product
B on mΘ can be described by
B(·, ·) = −λ1(·, ·)|m1 ⊕ · · · ⊕ −λn(·, ·)|mn .
Remark 1.5. In the next sections we abuse of the notation and denote an invariant
metric g on FΘ just by Λ = (λα)α∈Π+\〈Θ〉, that is, a n-uple of positive real numbers
indexed by the irreducible components of mΘ.
1.3. Homogeneous geodesics and equigeodescis.
Definition 1.6. Let (G/H, g) be a homogeneous Riemannian manifold. A geodesic
γ(t) on M through the origin o is called homogeneous if it is the orbit of a 1-
parameter subgroup of G, that is,
γ(t) = (exp tX) · o,
where X ∈ g. The vector X is called a geodesic vector.
Definition 1.6 establishes a 1:1 correspondence between geodesic vectors X and
homogeneous geodesics at the origin. A very useful algebraic characterization of
geodesic vectors was provided by Kowalski and Vanhecke. Let us recall this char-
acterization.
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Theorem 1.7 ([15]). Let G/H be a homogeneous space and g be a G-invariant
metric determined by a scalar product B at the origin o = eH. Then a vector
X ∈ g \ {0} is a geodesic vector if, and only if,
(1.7) B(Xm, [X,Z]m) = 0,
for every Z ∈ m, where m is identified with the tangent space at the origin o.
We also have the following result:
Theorem 1.8 ([14]). If G is semi-simple then G/H admits at least m = dim(M)
mutually orthogonal homogenous geodesics through the origin o.
Definition 1.9. A curve γ on G/H is an equigeodesic if it is a geodesic for each
invariant metrics on G/H. If the equigeodesic is of the form γ(t) = (exp tX) · o,
where X ∈ g, we say that γ is a homogeneous equigeodesic and the vector X is an
equigeodesic vector.
If U/K is a generalized flag manifold one can provide an algebraic characteriza-
tion of equigeodesic vectors. Remember the reductive decomposition of u = k⊕ m
and the isomorphism of the tangent space at the origin of U/K with the subspace
m of u. We also identify invariant metrics g on U/K with Ad(K)-invariant scalar
products Λ on m.
Proposition 1.10 ([8]). Let U/K be a generalized flag manifold. A vector X ∈ m
is an equigeodesic vector if, and only if,
(1.8) [X,ΛX]m = 0,
for each invariant metric Λ.
Example 1.11. Let FΘ = U/KΘ be a generalized flag manifold and let mi, i =
1, . . . , n, be the irreducible components of the isotropy representation. If X ∈ mi,
then equation 1.8 is easily verified. A vector X ∈ mi is called trivial equigeodesic
vector.
2. First and second variation of energy for homogeneous geodesics.
Let FΘ = G/PΘ = U/KΘ be a generalized flag manifold with reducible decompo-
sition u = kΘ ⊕mΘ, where mΘ = spanR {Aα, Sα;α ∈ Π+ \ 〈Θ〉}, Λ = (λα)α∈Π+\〈Θ〉
is an invariant metric on FΘ and γ : [0, a]→ FΘ is differentiable curve given by
(2.1) γ(t) = exp tX · o,
X ∈ mΘ.
We will denote by A˜ the vector field on FΘ defined by
A˜(x) =
d
dt
exp tA · x|t=0 = (dφx)e(A),
x ∈ FΘ.
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If X =
∑
α∈Π+\〈Θ〉
(aαAα + bαSα), aα, bα ∈ R, hence the energy of γ is given by
E(γ) =
∫ a
0
|γ′(t)|2Λ dt
=
∫ a
0
〈X˜(γ(t)), X˜(γ(t))〉Λ dt
=
∫ a
0
〈(dφexp tX)o(X˜(o)), (dφexp tX)o(X˜(o))〉Λ dt
=
∫ a
0
〈X˜(o), X˜(o)〉Λ dt
=
∫ a
0
BΛ(X,X) dt
= −a(ΛX,X)
= −a
∑
α∈Π+\〈Θ〉
λα(a
2
α(Aα, Aα) + b
2
α(Sα, Sα))
= 2a
∑
α∈Π+\〈Θ〉
λα(a
2
α + b
2
α),
where BΛ is the scalar product on mΘ associated to the invariant metric Λ.
Given a differentiable map q : [0, a] → u, we define a differentiable variation of
the curve γ, f : (−ε, ε)× [0, a]→ FΘ by
f(s, t) = exp sq(t) · γ(t).
This variation is proper if, and only if, q(0) and Ad (exp−aX)q(a) ∈ kΘ. More-
over, the variational vector field of f is
V (t) =
∂f
∂s
(0, t) = (dφγ(t))e(q(t)).
The energy of the variation of γ given by f will be denoted by E(s). Our first
result is provide an explicit formula to E(s), in therms of the invariant geometry
of FΘ. We will start proving some auxiliary lemmas.
Lemma 2.1. ([11], p. 95) Let X ∈ u. The differential of the exponential map
from u to U at X is given by
d expX = (dLexpX)e ◦ TX ,
where
TX =
∑
n≥0
1
(n+ 1)!
ad(X)n =
ead(X) − I
ad(X)
.
Lemma 2.2. Let γ : [0, a]→ FΘ be a differentiable curve given by γ(t) = exp tX ·o,
X ∈ mΘ. Consider a differentiable map q : [0, a] → u and f : (−ε, ε) × [0, a] be a
variation of γ defined by f(s, t) = exp sq(t) · γ(t). Then,
∂f
∂t
(s, t) = (dφexp sq(t))γ(t)(C˜s(γ(t)) + γ
′(t)),
where Cs = Tsq(t)(sq
′(t)).
Proof. We have
∂f
∂t
(s, t) = (dφγ(t))exp sq(t)(d exp)sq(t)(sq
′(t)) + (dφexp sq(t))γ(t)(γ′(t)).
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By Lemma 2.1,
(dφγ(t))exp sq(t)(d exp)sq(t)(sq
′(t)) = (dφγ(t))exp sq(t)(dLexp sq(t))e(Tsq(t)(sq′(t)))
= d(φγ(t) ◦ Lexp sq(t))e(Cs)
=
d
dr
φγ(t) ◦ Lexp sq(t)(exp rCs)|r=0
=
d
dr
φγ(t)(exp sq(t) exp rCs)|r=0
=
d
dr
exp sq(t) exp rCs · γ(t)|r=0
=
d
dr
φexp sq(t)(exp rCs · γ(t))|r=0
= (dφexp sq(t))γ(t)(daγ(t))e(Cs)
= (dφexp sq(t))γ(t)(C˜s(γ(t))).
Therefore,
∂f
∂t
(s, t) = (dφexp sq(t))γ(t)(C˜s(γ(t)) + γ
′(t)).

Lemma 2.3. Let γ : [0, a]→ FΘ be a differentiable curve given by γ(t) = exp tX ·o,
X ∈ mΘ, and A ∈ u. Then
A˜(γ(t)) = (dφexp tX)o( ˜Ad (exp−tX)A(o)).
Proof. We have
A˜(γ(t)) =
d
ds
exp sA · γ(t)|s=0
=
d
ds
(exp tX exp−tX exp sA exp tX) · o
∣∣∣∣
s=0
=
d
ds
φexp tX(exp (sAd (exp − tX)A) · o)
∣∣∣∣
s=0
= (dφexp tX)o( ˜Ad(exp−tX)A(o)).

We are now able to compute the energy E(s) of a variation of γ, as well the first
and second variation of the energy of homogeneous geodesics on FΘ.
Proposition 2.4. Let γ : [0, a] → FΘ be a differentiable curve defined by γ(t) =
exp tX, X ∈ mΘ. Given a diffentiable map q : [0, a] → u, consider the variation
f : (−ε, ε)× [0, a] of γ defined by f(s, t) = exp sq(t) · γ(t). If E : (−ε, ε)→ R is the
energy of f , then
E(s) = E(γ) +
∫ a
0
BΛ((Ad(exp−tX)Bs)mΘ , (Ad(exp−tX)Bs)mΘ + 2X) dt,
where BΛ is the scalar product on mΘ associated to the invariant metric Λ.
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Proof. We have
E(s) =
∫ a
0
∣∣∣∣∂f∂t (s, t)
∣∣∣∣2
Λ
dt
=
∫ a
0
|(dφexp sq(t))γ(t)(C˜s(γ(t)) + γ′(t))|2Λdt(2.2)
=
∫ a
0
|C˜s(γ(t)) + γ′(t)|2Λdt
= E(γ) +
∫ a
0
|C˜s(γ(t))|2Λdt+ 2
∫ a
0
〈C˜s(γ(t)), γ′(t)〉Λdt
= E(γ) +
∫ a
0
〈C˜s(γ(t)), C˜s(γ(t)) + 2X˜(γ(t))〉Λdt
= E(γ) +
∫ a
0
BΛ((Ad(exp−tX)Cs)mΘ , (Ad(exp−tX)Cs)mΘ + 2X) dt,(2.3)
where (2.2) follows by Lemma 2.2 and (2.3) follows by Lemma 2.3. 
Proposition 2.5. The first variation of the energy of γ is given by
E′(0) = 2
∫ a
0
BΛ((Ad (exp−tX)q′(t))mΘ , X),
where BΛ is the scalar product on mΘ associated to the invariant metric Λ.
Proof. We have
E′(0) = 2
∫ a
0
BΛ
(
∂
∂s
(Ad(exp−tX)Cs)mΘ
∣∣∣∣
s=0
, X
)
.
But
∂
∂s
Ad (exp−tX)Cs
∣∣∣∣
s=0
=
∂
∂s
exp ad(tX)Cs
∣∣∣∣
s=0
=
∂
∂s
∑
n≥0
tn ad(X)n
n!
Cs
∣∣∣∣∣∣
s=0
=
∂
∂s
∑
n≥0
tn ad(X)n
n!
∑
k≥0
sk+1 ad(q(t))n
(k + 1)!
(q′(t))
∣∣∣∣∣∣
s=0
=
∂
∂s
∑
n≥0
tn ad(X)n
n!
sq′(t) +O(s2)
∣∣∣∣∣∣
s=0
=
∑
n≥0
tn ad(X)n
n!
q′(t)
= Ad (exp−tX)q′(t).
Notice that we are using the expression Ad(exp−tX)Cs = exp ad(tX)Cs because
we are considering the left action of U on FΘ therefore the Lie algebra u is the Lie
algebra of right invariants vectors field on U .
Finally, we derive
E′(0) = 2
∫ a
0
BΛ((Ad(exp−tX)q′(t))mΘ , X).

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We know that geodesics are critical points of the energy. Hence, if the curve γ is
a geodesic with respect to the metric Λ and f is a proper variation then E′(0) = 0.
We will verify that homogeneous geodesics are in fact critical points of the energy.
The main algebraic technique used to verify this fact will be useful later and we
write it separately in the next Lemma.
Lemma 2.6. Let A ∈ u and let X ∈ u be a geodesic vector with respect to Λ. Then
BΛ((Ad(exp−tX)A)mΘ , XmΘ) = BΛ(AmΘ , XmΘ).
Proof. We have
(Ad(exp−tX)A)mΘ = (exp t ad(X)A)mΘ
=
∑
n≥0
tn ad(X)n
n!
A

mΘ
= AmΘ +
X,∑
n≥1
tn ad(X)n−1
n!
A

mΘ
.
Since X is a geodesic vector with respect to Λ, BΛ(XmΘ , [X,Y ]mΘ)mΘ = 0 for every
Y ∈ u (conf. Theorem 1.7), and
BΛ
X,∑
n≥1
tn ad(X)n−1
n!
A

mΘ
, XmΘ
 = 0.
Therefore,
BΛ((Ad(exp−tX)A)mΘ , XmΘ) = BΛ(AmΘ , XmΘ).

Using Lemma 2.6 one can show that if X is a geodesic vector and γ is the
corresponding homogeneous geodesic, then E′(0) = 0 for any proper variation f .
In fact,
E′(0) =
∫ a
0
BΛ((Ad(exp−tX)q′(t))mΘ , X) dt
=
∫ a
0
BΛ(q
′(t)mΘ , X) dt
= BΛ(q(t)mΘ , X)|a0
= BΛ(q(a)mΘ , X)−BΛ(q(0)mΘ , X)
= BΛ((Ad (exp−aX)q(a))mΘ , X)−BΛ(q(0)mΘ , X)
= 0,
since q(0) and Ad(exp−aX)q(a) ∈ kΘ.
We are now able to compute the second variation of the energy of an homoge-
neous geodesic γ.
Proposition 2.7. Let X be a geodesic vector with respect to an invariant metric
Λ. The second variation of the energy of the homogeneous geodesic γ is given by
IγΛ(q) = E
′′(0) = 2
∫ a
0
BΛ([q(t), q
′(t)]mΘ , X) dt
+2
∫ a
0
BΛ((Ad (exp−tX)q′(t))mΘ , (Ad (exp−tX)q′(t))mΘ) dt
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Proof. We have
E′(s) = E′(γs) =
∫ a
0
BΛ
(
∂
∂s
(Ad (exp−tX)Cs)mΘ , (Ad(exp−tX)Cs)mΘ + 2X
)
dt
+
∫ a
0
BΛ
(
(Ad(exp−tX)Cs)mΘ ,
∂
∂s
(Ad (exp−tX)Cs)mΘ
)
dt,
and
E′′(0) = 2
∫ a
0
BΛ
(
∂2
∂s2
(Ad (exp−tX)Cs)mΘ
∣∣∣∣
s=0
, X
)
dt
+2
∫ a
0
BΛ((Ad(exp−tX)q′(t))mΘ , (Ad(exp−tX)q′(t))mΘ).
Now, observe that
∂2
∂s2
Ad (exp−tX)Cs
∣∣∣∣
s=0
=
∂2
∂s2
∑
n≥0
tn ad(X)n
n!
sq′(t) +
∑
n≥0
tn ad(X)n
n!
s2[q(t), q′(t)]
2
+O(s3)
∣∣∣∣∣∣
s=0
= Ad (exp−tX)[q(t), q′(t)].
Therefore,
E′′(0) = 2
∫ a
0
BΛ((Ad(exp−tX)[q(t), q′(t)])mΘ , X) dt
+2
∫ a
0
BΛ((Ad (exp−tX)q′(t))mΘ , (Ad (exp−tX)q′(t))mΘ) dt
= 2
∫ a
0
BΛ([q(t), q
′(t)]mΘ , X) dt
+2
∫ a
0
BΛ((Ad (exp−tX)q′(t))mΘ , (Ad (exp−tX)q′(t))mΘ) dt,
since X is a geodesic vector with respect to the invariant metric Λ. 
3. Perturbation lemma for homogeneous geodesics.
Consider Λ a fixed invariant metric on FΘ. In this section we will provide a
formula to compute the second variation of the energy with respect to a P-perturbed
metric Λ# of Λ in terms of IγΛ . An similar result was proved in [18] in the context
of harmonic maps.
Let Λ be an invariant metric on FΘ defined by Λ = (λσ)σ∈Π(Θ) and P be a subset
of Π(Θ).
Definition 3.1. The invariant metric Λ# = (λ#σ )σ∈Π(Θ) is called a P-perturbation
of Λ if the following holds:
(1) λ#σ = λσ for all σ ∈ P;
(2) λ#σ = λσ + ξσ > 0, ξσ ∈ R, for any σ ∈ Π(Θ) \ P.
Let γ : I → FΘ be an homogeneous curve given by γ(t) = exp tX · o with
X ∈ mΘ. Since U acts on FΘ by isometries the set {Aα, Sα}α∈Π+\〈Θ〉 is a basis of
mΘ ' ToFΘ. One can see that
{(dφexp tX)o(Aα), (dφexp tX)o(Sα)}α∈Π+\〈Θ〉
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is an orthogonal frame along γ(t). Then, there exists differentiable maps fα, gα :
I → R, α ∈ Π+ \ 〈Θ〉 such that
γ′(t) =
∑
α∈Π+\〈Θ〉
(fα(t)(dφexp tX)o(Aα) + gα(t)(dφexp tX)o(Sα)).
We define γα(t) := fα(t)(daexp tX)o(Aα) + gα(t)(daexp tX)o(Sα). This motivates
the following definition:
Definition 3.2. An homogeneous curve γ : I → FΘ given by γ(t) = exp tX · o,
X ∈ mΘ, is subordinated to P if γα = 0 for all α ∈ σ ∈ Π(Θ) \ P.
In other words, we say that γ is subordinated to P if the image of ψ is tangent
to the distribution spanned by P.
Now we face the following situation: suppose that a (homogeneous) curve is a
geodesic with respect to the invariant metric Λ and is also a geodesic with respect
to another metric Λ# (obtained by a P-perturbation of Λ). What is the relation
between the second variation of the energy of γ with respect to both metrics? The
answer for this question is our next result, called the perturbation lemma.
Lemma 3.3. Let γ : [0, a] → FΘ be an homogeneous curve subordinated to P and
let Λ# = (λ#σ ) be a P-perturbation of Λ = (λσ). Assume that γ is an homogeneous
geodesics with respect to Λ and Λ# with geodesic vector X ∈ mΘ. Then
Iγ
Λ#
(q) = IγΛ(q) + 4
∑
α∈σ
∑
σ∈Π(Θ)\P
ξσ
∫ a
0
(f˜2α(t) + g˜
2
α(t))dt,
where f˜α(t) e g˜α(t) are differentiable functions given by
(Ad (exp−tX)q′(t))mΘ =
∑
α∈Π+\〈Θ〉
(f˜α(t)Aα + g˜α(t)Sα).
Proof. We have
[q(t), q′(t)]mΘ =
∑
α∈Π+\〈Θ〉
(fˆα(t)Aα + gˆα(t)Sα)
and
X =
∑
α∈Π+\〈Θ〉
(aαAα + bαSα),
where fˆα(t) and gˆα(t) are differentiable functions and aα, bα ∈ R. Then,
Iγ
Λ#
(q) = 2
∫ a
0
BΛ#((Ad (exp−tX)q′(t))mΘ , (Ad (exp−tX)q′(t))mΘ) dt
+2
∫ a
0
BΛ#([q(t), q
′(t)]mΘ , X) dt
= 4
∑
α∈σ
∑
σ∈Π(Θ)
λ#σ
∫ a
0
(f˜2α(t) + g˜
2
α(t))dt+ 4
∑
α∈σ
∑
σ∈Π(Θ)
λ#σ
∫ a
0
(aαfˆα(t) + bαgˆα(t))dt.
14 RAFAELA F. DO PRADO AND LINO GRAMA
If α ∈ σ ∈ Π(Θ) \ P then aα = 0 = bα, and
Iγ
Λ#
(q) = 4
∑
α∈σ
∑
σ∈Π(Θ)\P
λ#σ
∫ a
0
(f˜2α(t) + g˜
2
α(t))dt+ 4
∑
α∈σ
∑
σ∈P
λ#σ
∫ a
0
(f˜2α(t) + g˜
2
α(t))dt
+4
∑
α∈σ
∑
σ∈P
λ#σ
∫ a
0
(aαfˆα(t) + bαgˆα(t))dt.
= 4
∑
α∈σ
∑
σ∈Π(Θ)\P
(λσ + ξσ)
∫ a
0
(f˜2α(t) + g˜
2
α(t))dt+ 4
∑
α∈σ
∑
σ∈P
λσ
∫ a
0
(f˜2α(t) + g˜
2
α(t))dt
+4
∑
α∈σ
∑
σ∈P
λσ
∫ a
0
(aαfˆα(t) + bαgˆα(t))dt.
= 4
∑
α∈σ
∑
σ∈Π(Θ)\P
(λσ + ξσ)
∫ a
0
(f˜2α(t) + g˜
2
α(t))dt+ 4
∑
α∈σ
∑
σ∈P
λσ
∫ a
0
(f˜2α(t) + g˜
2
α(t))dt
+4
∑
α∈σ
∑
σ∈Π(Θ)
λσ
∫ a
0
(aαfˆα(t) + bαgˆα(t))dt.
= IγΛ(q) + 4
∑
α∈σ
∑
σ∈Π(Θ)\P
ξσ
∫ a
0
(f˜2α(t) + g˜
2
α(t))dt.

Remark 3.4. The hypothesis in the perturbation lemma that γ is geodesic with
respect to both metrics Λ and Λ# is essential in the computations. This assumption
is fulfilled by the homogeneous equigeodesics, that is, curves that are geodesics with
respect to any invariant metrics.
4. Homogeneous Ricci flow and conjugate points on
CP 2n+1 = Sp(n+ 1)/U(1)× Sp(n).
4.1. Review on the geometry of CP 2n+1. Let us review some well known facts
about the geometry of Sp(n+ 1)-invariant metrics on the complex projective space
CP 2n+1. Let us denote by sp(n+1) the Lie algebra of the Lie groups Sp(n+1) and
by kΘ the Lie algebra of the isotropy subgroup U(1)×Sp(n) of the Sp(n+1)-action
on CP 2n+1. We also consider the reductive decomposition of sp(n+ 1), that is,
(4.1) sp(n+ 1) = kΘ ⊕mΘ,
where ad(kΘ)mΘ ⊂ mΘ, and we identify mΘ with the tangent space at the origin
(trivial coset) of CP 2n+1.
The isotropy representation splits into two irreducible components, namely
(4.2) mΘ = m1 ⊕m2,
with dimm1 = 4n and dimm2 = 2. The decomposition sp(n + 1) = kΘ ⊕ m1 ⊕ m2
satisfies the following Lie brackets relations:
(4.3) [m1,m2] ⊂ m1, [m1,m1] ⊂ m2 ⊕ kΘ, [m2,m2] ⊂ kΘ.
We define the subalgebra h = kΘ ⊕m2 and by (4.3) we have
(4.4) [h, h] ⊂ h, [h,m1] ⊂ m1, [m1,m1] ⊂ h.
Therefore (g, h) is a symmetric pair and the corresponding symmetric space is
Sp(n+1)/(Sp(1)×Sp(n)), the Grassmannian of quaternionic 1-dimensional of Hn+1.
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Since U(1) × Sp(n) ⊂ Sp(1) × Sp(n) ⊂ Sp(n + 1) we have the following twistor
fibration (cf. [5])
(4.5) Sp(1)/U(1) · · · Sp(n+ 1)/U(1)× Sp(n)→ Sp(n+ 1)/ Sp(1)× Sp(n),
or equivalently S2 · · ·CP 2n+1 → HPn.
One can describe precisely each one of the irreducible components m1,m2 in
terms of the root space decomposition of the Lie algebra sp(n+ 1). We will use the
following basis of sp(n+ 1): let Eij (1 ≤ i, j ≤ 2n+ 2) be the (2n+ 2)× (2n+ 2)
matrix with 1 in the ij-position and zero otherwise. Let m =
√
2n+ 4/(2n + 4)
and define
Xij =
√
2m
2
(Eij − En+1+j,n+1+i),
X−ij =
√
2m
2
(Eji − En+1+i,n+1+j),
X+ij =
√
2m
2
(Ei,n+1+j + Ej,n+1+i),
X+−ij =
√
2m
2
(En+1+i,j + En+1+j,i),
1 ≤ i < j ≤ n+ 1,
Xii = m(Ei,n+1+i)
X−ii = m(En+1+i,i),
1 ≤ i ≤ n+ 1.
The matrices defined above are the Weyl basis of sp(2n + 2,C) associated to
the Cartan subalgebra of diagonal matrices. Let us use the compact real form of
sp(2n+ 2,C) . We define
Aij = Xij −X−ij , Sij = i(Xij +X−ij),
1 ≤ i ≤ j ≤ n+ 1,
A+ij = X
+
ij −X+−ij , S+ij = i(X+ij +X+−ij),
1 ≤ i < j ≤ n+ 1, and
Hi,i+1 = [Xi,i+1, X−(i,i+1)], Hn+1,n+1 = [Xn+1,n+1, X−(n+1,n+1)],
1 ≤ i ≤ n.
Therefore, a basis of sp(n+ 1) is given by the vectors
{Aii, Sii, An+1,n+1, Sn+1,n+1, Aij , Sij , A+ij , S+ij , iHi,i+1, iHn+1,n+1 ; 1 ≤ i < j ≤ n+1}.
The decomposition sp(n+ 1) = kΘ ⊕mΘ is given by
(4.6)
kΘ = spR{Aii, Sii, An+1,n+1, Sn+1,n+1, Aij , Sij , A+ij , S+ij , iHi,i+1, iHn+1,n+1, iH12 ; 2 ≤ i < j ≤ n+1}
and
(4.7) mΘ = spR{A11, S11, A1j , S1j , A+1j , S+1j ; 2 ≤ j ≤ n+ 1},
and the irreducible components of the isotropy representation mΘ = m1⊕m2 are
m1 = spanR{A1j , S1j , A+1j , S+1j ; 2 ≤ j ≤ n+ 1},
m2 = spanR{A11, S11}.
Example 4.1. Let us consider the simplest case n = 1. The basis of sp(2) as
defined above is
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A11 =

0 0
√
6
6 0
0 0 0 0
−
√
6
6 0 0 0
0 0 0 0
 , S11 =

0 0
√
6i
6 0
0 0 0 0√
6i
6 0 0 0
0 0 0 0
 ,
A22 =

0 0 0 0
0 0 0
√
6
6
0 0 0 0
0 −
√
6
6 0 0
 , S22 =

0 0 0 0
0 0 0
√
6i
6
0 0 0 0
0
√
6i
6 0 0
 ,
A12 =

0
√
3
6 0 0
−
√
3
6 0 0 0
0 0 0
√
3
6
0 0 −
√
3
6 0
 , S12 =

0
√
3i
6 0 0√
3i
6 0 0 0
0 0 0 −
√
3i
6
0 0 −
√
3i
6 0
 ,
A+12 =

0 0 0
√
3
6
0 0
√
3
6 0
0 −
√
3
6 0 0
−
√
3
6 0 0 0
 , S+12 =

0 0 0
√
3i
6
0 0
√
3i
6 0
0
√
3i
6 0 0√
3i
6 0 0 0
 ,
iH12 =

i
12 0 0 0
0 − i12 0 0
0 0 − i12 0
0 0 0 i12
 , iH22 =

0 0 0 0
0 i6 0 0
0 0 0 0
0 0 0 − i6
 .
In this case the projective space is CP 3 = Sp(2)/U(1) × Sp(1), the Lie algebra
of the isotropy group is
kΘ = spanR{A22, S22, iH12, iH22},
the tangent space at the origin is the vector space
mΘ = spanR{A11, S11, A12, S12, A+12, S+12},
and the irreducible components of the isotropy representation are
m1 = spanR{A12, S12, A+12, S+12} and
m2 = spanR{A11, S11}.
The homogeneous fibration defined in (4.5) is the Penrose’s twistor fibration CP 3 →
HP 1.
Remark 4.2. The basis of the Lie algebra sp(n) described above is motivated by the
Weyl’s trick for compact real forms of complex simple Lie algebras and this basis
is different from the quaternionic basis for sp(n).
Since we have two isotropy summands, each Sp(n+1)-invariant metric on CP 2n+1
is determined by two positive real numbers: Λ = (λ1, λ2). The normal homoge-
neous standard Riemannian metric is given by ΛNR = (1, 1). This metric is clearly
naturally reductive.
The classification of Sp(n+1)-invariant Einstein metrics on CP 2n+1 was provided
by Ziller.
Theorem 4.3. [21] The projective space CP 2n+1 admits two Sp(n + 1)-invariant
Einstein metrics (up to scale).
The cut locus of a naturally reducible homogeneous space was also described by
Ziller in [22] (see also [9]). In the case of CP 2n+1 equipped with the normal metric
one can describe their cut locus as follow (cf. [9], Thm 2.9): consider the projective
space CP 2n+1 = Sp(n+1)/(U(1)×Sp(n)) equipped with ΛNR = (1, 1), the normal
invariant metric, and let γ : R → CP 2n+1 be an homogeneous geodesic given by
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exp tX · o, where X is an element of the basis of mΘ defined in (4.7). Then, the
first conjugate point of γ(0) is γ(pi/2m), where m =
√
2n+ 4/(2n+ 4).
Now we will use the Perturbation Lemma in order to prove the first main re-
sult of this section, that asserts that one can produces conjugate points along an
equigeodesic by deforming the normal metric on CP 2n+1 via a P-perturbation.
If we choose an equigeodesic vector on the irreducible component m2, then a P-
perturbation of an invariant metric Λ = (λ1, λ2) is given in the m1-direction (that
is, perturbing the λ1-parameter of Λ) according to the following result:
Theorem 4.4. Consider the projective space CP 2n+1 = Sp(n+ 1)/(U(1)× Sp(n))
equipped with ΛNR = (1, 1), the normal invariant metric, and let γ : R→ CP 2n+1
be the equigeodesic
(4.8) γ(t) = exp tA11 · o,
where A11 ∈ m2 ⊂ sp(n + 1). Fix b ∈ R such that 0 < b < pi/2m, where
m =
√
2n+ 4/(2n + 4). Then there exist an invariant metric Λ# obtained by a
P-perturbation of the metric ΛNR and c ∈ R, 0 < c ≤ b, such that γ(0) and γ(c)
are conjugate with respect to the metric Λ#.
Proof. Remember that γ(pi/2m) is the first conjugate point of γ(0) along γ, with
respect to the metric ΛNR (see [9]).
Consider the interval [0, b]. Then,
(4.9) IγΛNR(q) ≥ 0,
for any differentiable variation q : [0, b]→ sp(n+ 1) such that
(4.10) q(0), Ad(exp−tA11)q(b) ∈ kΘ.
Define q0 : [0, b]→ sp(n+ 1) by
q0(t) = k sen
(
2pit
b
)
A12 +
1
k
t(t− b)A+12,
where k is a non zero constant. The derivative of q is
q′0(t) =
(
2pik
b
cos
(
2pit
b
))
A12 +
1
k
(2t− b)A+12.
Thus
(Ad (exp−tA11)q′0(t))mΘ =
(
2pik
b
cos
(
2pit
b
)
cos (mt)− 1
k
(2t− b) sen (mt)
)
A12
+
(
2pik
b
cos
(
2pit
b
)
sen (mt) +
1
k
(2t− b) cos (mt)
)
A+12
and
[q0(t), q
′
0(t)]mΘ = m
(
(2t− b) sen
(
2pit
b
)
− 2pit(t− b)
b
cos
(
2pit
b
))
A11.
Let M = IγΛNR(q0) defined on the interval [0, b]. By Proposition 2.7,
M = 4m
∫ b
0
(
(2t− b) sen
(
2pit
b
)
− 2pit(t− b)
b
cos
(
2pit
b
))
dt
+ 4
∫ b
0
{(
2pik
b
cos
(
2pit
b
))2
+
(
1
k
(2t− b)
)2}
dt.
Consider
N =
∫ b
0
{(
2pik
b
cos
(
2pit
b
))2
+
(
1
k
(2t− b)
)2}
dt.
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Then,
N =
b4 + 6pi2k4
3k2b
> 0
and
M − 4N = −8mb
2
pi
< 0.
Now, let ξ ∈ R such that −1 < ξ < −M/4N and consider a P-perturbation of
ΛNR given by Λ
# = (1 + ξ, 1). By the Perturbation Lemma,
(4.11) Iγ
Λ#
(q0) = M + 4ξN < M + 4
(
−M
4N
)
N = 0.
Therefore, there exists c ∈ R, 0 < c ≤ b such that γ(c) is conjugated to γ(0) with
respect to the metric Λ#. 
Remark 4.5. The computations above work in the same way for A1j and A
+
1j , where
1 < j ≤ n + 1, instead of A12 and A+12. We also remark that the analysis for the
equigeodesic vector S11 is similar, considering S
+
1j instead A
+
1j .
4.2. Homogeneous Ricci Flow. Let us review shortly the global behavior of the
homogeneous Ricci flow on CP 2n+1 = Sp(n + 1)/U(1) × Sp(n). For more details,
see [10]. We keep our notation and denote an invariant metric just by Λ = (λ1, λ2).
The Ricci tensor of an invariant metric Λ is again an invariant tensor, and therefore
completely determined by its value at the origin of the homogeneous space and
constant on each irreducible component of the isotropy representation. In the case
of CP 2n+1, the components of the Ricci tensor are given by
(4.12)

r1 = − 4
2n+ 4
−
(
2n
4n+ 8
)
λ21
λ22
,
r2 = −7 + 4n
4n+ 8
+
(
6
16n+ 32
)
λ1
λ2
.
The Ricci flow equation on the manifold M is defined by
(4.13)
∂g(t)
∂t
= −2Ric(g(t)),
where Ric(g) is the Ricci tensor of the Riemannian metric g. The solution of this
equation, the so called Ricci flow, is a 1-parameter family of metrics g(t) in M .
In our example, the Ricci flow equation for invariant metrics is given by the
following ODE system:
(4.14)

x˙ =
4
2n+ 4
+
(
2n
4n+ 8
)
x2
y2
,
y˙ =
7 + 4n
4n+ 8
−
(
6
16n+ 32
)
x
y
.
The invariant lines of the system (4.14) are
(4.15) γ1(t) =
(
t,
(
4n+ 3
8
)
t
)
and
(4.16) γ2(t) =
(
t,
1
2
t
)
.
The global behavior of the Ricci flow on CP 2n+1 is described using its phase portrait
described in the Figure 1.
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Figure 1. Phase portrait of the Ricci flow on CP 2n+1
One can describe precisely the “asymptotic behavior” of the flows line of the Ricci
flow. Let g0 be an invariant metric and g(t) the Ricci flow with initial condition
g0. We will denote by g∞ the limit limt→−∞ g(t).
Theorem 4.6. [10] Let g0 be an invariant metric on CP 2n+1 and R1, R2, R3, γ1
and γ2 as described in Figure 1. We have:
a) if g0 ∈ R1 ∪R2 ∪ γ1 then g∞ is the Einsten (non-Ka¨hler) metric;
b) if g0 ∈ γ2 then g∞ is the Khler-Einstein metric.
c) if g0 ∈ R3, we consider the twistor fibration S2 · · ·CP 2n+1 → HPn. Then
the Ricci flow g(t) with g(0) = g0 evolves in such a way that the diameter
of fiber converges to zero when t→ −∞.
From now on we consider the normal metric g0 = ΛNR = (1, 1) ∈ R2 on CP 2n+1
and γ an homogeneous equigeodesic such that γ(0) is the origin of the homogeneous
space. According to the previous section, the first conjugate point to γ(0) is γ( pi2m ).
Now we will deal with the following question: can the Ricci flow g(t) with initial
condition g0 evolve with the property that given 0 < b <
pi
2m , there exist t0 ∈
(−∞, 0) and c ∈ R, 0 < c ≤ b, such that γ(c) and γ(0) are conjugate with respect
to the invariant metric g(t0)? In other words, can we produce conjugate points
deforming a metric via the Ricci flow ?
We will give a positive answer to this question for CP 2n+1, with n ≥ 10.
Let 0 < b < pi2m and consider a P-perturbation of the initial metric g0 = (1, 1)
given by Λ# = (λ#1 , 1) with
λ#1 ∈ (0, 1−M/4N),
where the M,N are computed in the proof of Theorem 4.4 (and its depends of b).
Our first remark is that if n ≥ 10, the invariant metric Λ# can be taken in the
region R2 of the phase portrait of the Ricci flow system. Since the invariant line γ1
of the phase portrait is generated by the invariant Einstein (non-Ka¨hler) metric it
is sufficient to show that 1−M/4N > 8/(4n+ 3).
Lemma 4.7. Consider CP 2n+1 = Sp(n+ 1)/(U(1)× Sp(n)), with n ≥ 10, and let
γ(t) = exp tX · o be an equigeodesic with X = A11 ∈ m1. If f(s, t) is a geodesic
variation of γ given by
f(s, t) = exp sq(t) · γ(t),
with q : [0, b]→ sp(n+ 1) defined by
q(t) = k sen
(
2pit
b
)
A12 +
1
k
t(t− b)A+12
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and b ∈
(
8
√
6pi2
3m(4n+ 3)
,
pi
2m
)
, m =
√
2n+ 4/(2n+ 4), then there exists k such that
1− M
4N
>
8
4n+ 3
.
Proof. Using the computations of the Theorem 4.4 we have
4N −M
4N
=
2b2m
pi
3k2b
b4 + 6pi2k4
=
6k2b3m
pi(b4 + 6pi2k4)
.
Therefore (4N −M)/4N is a function in the variable k and its maximum value
is bm
√
6/2pi2 at k = ±b/ 4√6√pi. Since b > 8
√
6pi2
3m(4n+ 3)
we have
bm
√
6
2pi2
>
8
4n+ 3
.
In order to conclude the proof, we consider k = b/ 4
√
6
√
pi or k = −b/ 4√6√pi.

Remark 4.8. In the Lemma 4.7 we need to assume n ≥ 10 in order to guarantee
that 8
√
6pi2/3m(4n+ 3) < pi/2m. Furthermore, on the choice of q(t), given j such
that 1 < j ≤ n+ 1, one can use A1j and A+1j instead A12 and A+12, respectively.
Remark 4.9. If we consider the equigeodesic vector X = S11 ∈ m1 a similar analysis
hold; we just consider S+1j instead A
+
1j , 1 < j ≤ n+ 1.
Now we are able to prove the main theorem of this section.
Theorem 4.10. Consider CP 2n+1 = Sp(n+ 1)/(U(1)× Sp(n)), with n ≥ 10, and
b ∈
(
8
√
6pi2
3m(4n+ 3)
,
pi
2m
)
,
where m =
√
2n+ 4/(2n + 4). Let γ(t) = exp tX · o be an equigeodesic with
X = A11 ∈ m1. Then the homogeneous Ricci flow g(t) with g(0) = ΛNR = (1, 1)
evolves in such way that there exist t0 ∈ (−∞, 0) and c ∈ R, 0 < c ≤ b, such that
γ(0) and γ(b) are conjugate with respect to the invariant metric g(t0).
Proof. Initially, we take ζ in the interval (8/(4n+ 3), 1−M/4N). By Theorem 4.4
and Lemma 4.7 the invariant metric determined by (ζ, 1) is in the region R2 for the
phase portrait of the Ricci flow and γ(b) is conjugate to γ(0) with respect to this
metric.
Now consider homoteties of the metric (ζ, 1) given by the line
(4.17) `(r) = r · (ζ, 1) = (rζ, r), r > 0.
The entire line `(r) is contained in the region R2. Since lim
t→∞ gt converges asymp-
totically to the line γ1, the Intermediate Value Theorem guarantees the existence
of r0 and t0 such that
g(t0) = `(r0) = (r0 ζ, r0).
For the metric g(t0) we have I
γ
g(t0)
(q) = r0I
γ
(ζ,1)(q) with
q(t) =
b
4
√
6
√
pi
sen
(
2pit
b
)
A12 +
4
√
6
√
pi
b
t(t− b)A+12.
Since Iγ(ζ,1)(q) < 0 and r0 > 0 we have I
γ
g(t0)
(q) < 0. This means that there exists
0 < c ≤ b such that γ(c) and γ(0) are conjugate with respect to the metric g(t0). 
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Example 4.11. The following picture illustrate the flow line of the Ricci flow with
initial metric g(0) = (1, 1), the perturbed metric (ξ, 1) and the line of homoteties
`(r) on CP 21 (that is, n = 10).
5. Algebraic Criteria
In this section we provide a general procedure to deform the normal metric
(parametrized by Λ = (1, 1)) in a generalized flag manifold in order to produce a
conjugate point along a homogeneous geodesics. This is done by producing a specific
P-perturbation, and one can characterize this perturbation using Lie theoretical
description of generalized flag manifolds.
Definition 5.1. Let α ∈ σo ∈ Π(Θ). A pair of roots {β, γ} is called a perturbation
pair with respect to α if its satisfies the following conditions:
(1) β, δ ∈ Π+ \ 〈Θ〉,
(2) β, δ /∈ σ0,
(3) α = β + δ,
(4) α+ β and α+ δ /∈ Π,
(5) β − δ /∈ Π+ \ 〈Θ〉.
The next Lemma is very well known and we will use it in the proof of the main
result of this section.
Lemma 5.2. ([11], p. 171) Suppose α, β, γ ∈ Π and α+ β + γ = 0. Then,
mα,β = mβ,δ = mδ,α.
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Now we are able to state the main result of this section. This is a generalization
of the procedure to produce conjugate points in CP2n+1.
Theorem 5.3. Let FΘ = G/PΘ = U/KΘ be a generalized flag manifold equipped
with the standard metric Λ. Let α ∈ σo ∈ Π(Θ) and consider the equigeodesic
γ : R→ FΘ given by
γ(t) = exp tAα · o.
Suppose that there exists a ∈ R such that γ(a) is the first conjugate point of γ(0)
along γ with respect to the metric Λ. If {β, γ} is a perturbation pair with respect to
α, then there exist a differentiable map
q0 : [0, b]→ u
and an invariant metric Λ# obtained by a P-perturbation of Λ such that
Iγ
Λ#
(q0) < 0,
where 0 < b < a.
Proof. We have that γ(a) is the first conjugate point of γ(0) along γ. Then, con-
sidering the interval [0, b], IγΛ(q) ≥ 0 for all differentiable map q : [0, b] → u such
that q(0) and Ad (exp−tAα)q(b) ∈ kΘ.
By Lemmas 1.1 and 5.2
[Aα, Aβ ] = m−α,βAδ
[Aα, Aδ] = −m−α,βAβ
[Aβ , Aδ] = m−α,βAα +m−β,δAβ−δ.
We will split our proof in two cases:
• Case 1 : m−α,β > 0
Define q0 : [0, b]→ u by
q0(t) = k sen
(
2pit
b
)
Aβ +
1
k
t(t− b)Aδ,
where k is a non zero constant. The derivative of q is
q′0(t) =
(
2pik
b
cos
(
2pit
b
))
Aβ +
1
k
(2t− b)Aδ.
Thus,
(Ad (exp−tAα)q′0(t))mΘ =
(
2pik
b
cos
(
2pit
b
)
cos (m−α,βt)− 1
k
(2t− b) sen (m−α,βt)
)
Aβ
+
(
2pik
b
cos
(
2pit
b
)
sen (m−α,βt) +
1
k
(2t− b) cos (m−α,βt)
)
Aδ
and
[q0(t), q
′
0(t)]mΘ = m−α,β
(
(2t− b) sen
(
2pit
b
)
− 2pit(t− b)
b
cos
(
2pit
b
))
Aα.
Let M = IγΛ(q0) on the interval [0, b]. Then, according to Proposition 2.7,
M = 4m−α,β
∫ b
0
(
(2t− b) sen
(
2pit
b
)
− 2pit(t− b)
b
cos
(
2pit
b
))
dt
+ 4
∫ b
0
{(
2pik
b
cos
(
2pit
b
))2
+
(
1
k
(2t− b)
)2}
dt.
Let
N =
∫ b
0
{(
2pik
b
cos
(
2pit
b
))2
+
(
1
k
(2t− b)
)2}
dt.
VARIATIONAL ASPECTS OF HOMOGENEOUS GEODESICS ON FLAG MANIFOLDS 23
Then,
N =
b4 + 6pi2k4
3k2b
> 0
and
M − 4N = −8m−α,βb
2
pi
< 0.
We consider σ1, σ2 ∈ Π(Θ), σ0 6= σ1, σ2, such that β ∈ σ1 e δ ∈ σ2 (σ1 and σ2
can be the same). Let P = {σ0} and consider a P-perturbation Λ# = (λ#σ )σ∈Π(Θ)
of Λ given by:
(1) λ#σ0 = 1;
(2) λ#σ1 = 1 + ξ;
(3) λ#σ2 = 1 + ξ;
(4) λ#σ = 1 + ξα > 0, ξα ∈ R, for all σ ∈ Π(Θ) \ {σ0, σ1, σ2},
where 1 < ξ < −M/4N . Then, by the Perturbation Lemma,
Iγ
Λ#
(q0) = M + 4ξN < M + 4
(
−M
4N
)
N = 0.
Therefore, there exists a constant c, 0 < c ≤ b, such that γ(c) is conjugated to
γ(0) with respect to the metric Λ#.
• Case 2: m−α,β < 0
In this case, we define q0 : [0, b]→ u by
q0(t) = k sen
(
2pit
b
)
Aδ +
1
k
t(t− b)Aβ .
The analysis is analogous to the previous case and we conclude that
M − 4N = 8m−α,βb
2
pi
< 0.
Then, it is enough to consider the same P-perturbation. 
Example 5.4. Consider the Wallach flag manifold SU(3)/T 2 equipped with the
standard metric (1, 1, 1).
The complexification of su(3) is the Lie algebra sl(3,C). The root space decom-
position of sl(3,C) is given as follows. Consider the Cartan subalgebra h given by
diagonal matrices of trace zero. Then, the root system of sl(3,C) relative to h is
composed by αij := εi − εj , 1 ≤ i 6= j ≤ 3, where εi is the functional given by
εi : diag{a1, a2, a3} → ai.
A simple system of roots is
Σ = {α12, α23}
and the positive roots relative to this simple system are
Π+ = {α12, α13, α23}.
The Weyl basis of sl(n,C) associated to the Cartan subalgebra h is composed by
Xij = Xαij =
√
2nEij
2n
and
Hi,i+1 = Hαi,i+1 =
Eii − Ei+1,i+1
2n
,
1 ≤ i 6= j ≤ 3, where Eij is the n × n matrix with 1 in the ij-position and zero
otherwise. Then, a basis for the real compact form su(n) of sl(n,C) is given by the
vectors Aij = Xij −Xji, Sij =
√−1(Xij +Xji) and
√−1Hi,i+1, 1 ≤ i < j ≤ 3.
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In the case of the flag manifold SU(3)/T 2, we have that Θ = ∅ and u12, u13 and
u23 are the irreducible components of the isotropy representation, where
uij = spanR{Aij , Sij ; 1 ≤ i < j ≤ 3},
i.e.,
mΘ = u12 ⊕ u13 ⊕ u23.
Now consider the equigeodesic γ : R → u given by γ(t) = exp tA13 · o. We have
α13 = α12 + α23. Notice that α12 − α23, α13 + α12, α13 + α23 /∈ Π.
The first conjugate point of γ(0) is γ(
√
6pi/2). Fix b ∈ R such that 0 < b <√
6pi/2. Then, by Theorem 5.3, there exist a differentiable map q0 : [0, b] → su(3)
and an invariant metric Λ# given by a P-perturbation of Λ such that Iγ
Λ#
(q0) < 0.
In fact, we just define q0 according to
q0(t) = k sen
(
2pit
b
)
A12 +
1
k
t(t− b)A23
and consider the {α13}-perturbation Λ# = (λ#12, λ#13, λ#23) given by:
(1) λ#12 = λ
#
23 = 1 + ξ;
(2) λ#13 = 1,
where
−1 < ξ <
√
6b3k2 − pib4 − 6k4pi3
pi(b4 + 6k4pi2)
.

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